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Abstract 

Lagrange multipliers are present in any gauge theory. They possess peculiar 
gauge transformation which is not generated by the constraints in the model as it is 
the case with the other variables. For rank one gauge theories we show how to alter 
the constraints so that they become generators of the local symmetry algebra in the 
space of Lagrange multipliers too. We also discuss the limitations on using different 
gauge conditions and construct the BRST charge corresponding to the newly found 
constraints. 



Gauge theories are essential part of contemporary physics. There is a vast literature 
on the subject; one could become familiar with the problem from, e.g. refs. pQ, [2]. 
Gauge theories are best understood in the Hamiltonian approach, or equivalently, first 
order Lagrangian formalism with Lagrangian 1 

L = pq — H — \ a ip a (1) 

An implicit summation over all degrees of freedom (which could be discrete as well as 
continuance) is understood. Here H is the Hamiltonian of the system, A a are the Lagrange 
multipliers and Lp a are constraints. Constraints are some (independent) functions of phase 
space variables {q,p} which we assume to be first class (see below eqs.tjUJ) for definition). In 
this case the dynamics and gauge transformation of any dynamical quantity g are governed 
by, respectively, the Hamiltonian and constraints in the model via Poisson brackets 

9 = {g,H} PB 

$e9 = {g,£a¥a}pB- (2) 

Here e a are arbitrary gauge parameters. The only exception of this general rule are 
Lagrangian multipliers — neither time evolution nor gauge transformation of A a are de- 
termined by eqs.(j2J). In the present article we would like to modify H and (p a in order to 
allow uniform treating of these multipliers too, i.e., we want to find equations like (0) for 
A a and 5 e X a . (For a different viewpoint and an alternative approach using Noether symme- 
tries see and references therein.) It turns out that this modification is possible only 
for the constraints, while the time dependence of A a remains completely undetermined. 
The second question we want to address here is about gauge fixing — it is possible to fix 
the gauge either by imposing conditions of the type Xa(q,p) = or by fixing the Lagrange 
multipliers. We want to investigate the relation between these two gauge conditions and, 
eventually, to show their equivalece. Finally, we construct the BRST charge for the modi- 
fied constraints and discuss its connection with the BRST charge from the BFV approach 

In what follows we shall deal with rank one theories only. Together with the fact 
that constraints are first class this means that (p a satisfy the following Poisson bracket 
relations: 

Wa, Pb}pB = Cabc^Pa 

{H,f a }p B = U ab ip b , (3) 

where U a b and C a b c do not depend on dynamical variables. Most of our considerations 
below could be easily generalized to higher rank theories. In the latter case procedure 
resembles the construction of BRST charge for such theories. 

1 We shall not deal with the question how the Lagrangian JQl is obtained from the corresponding 
second order Lagrangian L'(q, q). For more information on the subject see, e.g. 



1 



The Lagrangian (JTJ) is invariant under gauge transformations generated by tp a provided 
that A a transform as follows: 

de^a = £a — ^bUba + ^cCcbaK- (4) 

En route to deriving eqs.(@]) we encounter the calculation of S e q. The formula we use is 

5 e q=(S' e q). (5) 

It can be obtained using the equations of motion, or, in other words, we temporarily 
switch to second order Lagrangian description of the theory, find the desired variarion 
and then go back to the Lagrangian (0). Note that eq. (jSJ) does not imply U a b = 0. 

Our first aim is to obtain the gauge transformation in the same way as we get the 
gauge transformation of any other dynamical quantity, namely, generated by constraints 
via Poisson brackets. We are looking for tp a , such that 

5 € \ = {X,e a a }p B - (6) 

Here (p a = tp a + { terms involving Xb and their momenta 7Tb}. Once we step on this 
way we have to modify all three terms in the Lagrangian with a new Hamiltonian 
H = H + h(X, 7r). However, we do not want to modify neither the dynamics nor the gauge 
freedom in the theory This means that we want H and ip a to satisfy an algebra like Q 
and eqs.(J2} to still hold. Therefor, we impose: 
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{0a, 0b}pB = C abc Lf> 
{H, (f>a}pB = U ab Lp b , 
{f(q,P),0a}pB = {f(q,p),¥a}pB (7) 

for any function f(q,p). Using the Jacobi identities among the structure constants C a b c 
and between them and U a b we find the following expression for a : 

0a = ¥a+ d t 7T a - U ab n b + A 6 C afec 7T c . (8) 

The time derivative in the second term in the r.h.s. of the above expression acts on the 
gauge parameters. Thus we can freely calculate Poisson brackets involving (p. Note that 
we need the Hamiltonian in order to construct the constraints (JEJ). This is not the case 
when one "prolongs" the constraints with ghost terms. Having a we can find H: 

H = H + XaUabUb- (9) 

Finally, in order for the total Lagrangian to be invariant under gauge transformations we 
have to add to it the term 

n a X a (10) 
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Putting all things together we get that all extra terms cancel out and 

L = L (11) 

As a result the dynamics of the Lagrangian multipliers is not determined and they are 
completely arbitrary as they should be. 

Before constructing the BRST charge corresponding to the constraints (JHJ) we shall 
switch our attention to the different possible gauge conditions. The straightforward ap- 
proach is to pick up some functions 

Xa(q,p) = (12) 
(coinciding in number with the constraints) such that 

{Xa,Xb}pB = 0, 
det\{ X )a,<Pb}pB\ + 0. (13) 

These conditions ensure that, first, we can choose \ a as part of the configuration space 
variables and, second, that we can resolve constraints with respect to the momenta corre- 
sponding to Xa- As a result we obtain a description of the constrained system entirely in 
terms of independent phase space variables . In addition, as a consequence of the second 
of the above equations, there is no residual gauge freedom. Now we want to understand 
if the gauge conditions (JI2J) fix the Lagrange multipliers. Denoting {xa,¥>b}pB with A a b 
and {xa, H} PB with \x a and using the equations of motion for Xa we obtain 

= Xa = {Xa, H + \ b (p b } PB = fi a + A ao A b , (14) 

and so, we find 

A = A"V (15) 

Thus, in general, imposing (|T2"j) we find A a . However, at this point we encounter a problem. 
It is best manifested when we deal with zero canonical Hamiltonian (as in the string models 
for instance). In this case the unique solution of eqs. lfTKj) is A a = and we end up with void 
theory. To understand this phenomenon we focus on using fixing of Lagrangian multipliers 
as gauge conditions. Suppose we set the Lagrangian multipliers to some constants c a 

A a = c a . (16) 

As seen from eqs.(JIJ) this does not fix the gauge entirely — we can freely make transfor- 
mation with parameter 

e = e~ {u+cx)t (. 

In the case of field theory ( a are arbitrary functions of the spatial coordinates. This 
is a huge residual freedom in striking contrast to the situation when we use (|T2|) as 
gauge conditions. Let us see if eqs. lfTKj) are enough to determine the physical degrees 
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of freedom. In order to do this we recall that the momenta p are introduced through 
Legandre transformation of q. In the case of constrained theory this transformation is 
degenerate and there is no one-to-one correspondence between q and p. However, there 
is such correspondence between q on the one side and A and independent p on the other. 
Roughly speaking, fixing A one fixes not part of the dynamical coordinates q but q. 
To make this consideration more quantitative we need to exploit a procedure known as 
"Abelization" of the constraints. It is always possible (locally) to achieve Abelization with 
a canonical transformation. For a higher rank theory one has to do such transformation 
in the entire phase space including ghosts PJ. Things are much easier when one deals 
with rank one theory where there is no need to involve ghosts p]. In both cases one ends 
up with constraints 

Pa = 0. 

The most general term in the Hamiltonian which is compatible with the rank of the 
theory, the class of the constraints and is with non vanishing contribution to the equation 
of motion of q a is 

p a V ab qb, 

Here V is independent of the dynamical variables but could involve differential operators 
in spatial variables if we deal with field theory. The equations of motion for q a are 

% ~ K - (Vq) a = 0. (17) 

We are looking for a particular solution in the form 

q a = e v \(t) 

which allows us easily to find the general solution of eqs. (fT7j) : 

q a = q a + fdre- VT X. (18) 

Here q a is the general solutions of the homogeneous part of the system (JT7j) . It is obvious 
that q a could never be zero, except in the case A a = for every a. Thus there are 
no conditions of the type (fT2*j) for any choice A ^ 0. A possibility to get rid of this 
contradiction is to use gauge conditions with explicit time dependence instead of (JI2J), i.e. 

Xa(q,P,t) = 0. (19) 

Another opportunity is to make Xa functions of all variables including A and/or n 

Xa (q,P,\,ir) = (20) 

Let us illustrate the above considerations with a simple example — Electrodynamics. 
Common notations for this model are: A^ipc) are the configuration space variables, Ei(x) 
are the corresponding momenta, A (x) are the Lagrange multipliers, and diEi = are the 
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constraints. A standard gauge of the type (fT2|l is the Columb one — diAi = 0. Note that 
this condition does not fix gauge freedom entirely — arbitray function of t is a zero mode 
of A. The Hamiltonian gauge A = is of the type (fT6|) . If we use this gauge the ungauged 
transformations have as parameter an arbitrary function of the spatial coordinates. Note 
that with respect to the residual gauge freedom the two gauge conditions mentioned above 
are complementary. Using the total constraints (jHJ), which now read 

0a =d t Tr a + diEi (21) 

and the Lorenz gauge d^A^, which is of the type (|2T)|) we get detA ^ and full gauge 
fixing. 

Now we are ready to construct the BRST charge Q. Everything is quite standard, 
except that we shall need extra ghosts at a particular point. Let c a and P a are the ghost 
variables, {c a ,P b } = —S ab , c a are real and P a are imagenary. The theory is of order one, 
so for the BRST charge we get [2] 

Q' = c a a + ^c a c b C abc P c = 

= C a (ip a - U ab 7T b + C abc X b 7V c ) + -C a C b C abc P c + C a 7T a . (22) 

There is little use of this expresion because of the term c a n a whose Poisson bracket with 
other quantities we cannot calculate. So, we introduce another set of ghost-ant ighost 
pairs {c a ,V}, substitute c a in with iP a , and choose such gauge fixing conditions as 
to ensure the following equation of motion 

V a = -ic a . (23) 

The BRST charge now reads 

Q" = c a (<p a - U ab ix b + C abc X b ir c ) + ^c a c b C abc P c + %V a ii a . (24) 

It differs from the BRST charge in the BFV approach 2J by the terms —c a U ab ir b and 
c a C a bcX b 7f c . However, the BRST charge thus constructed is not nilpotent. We need an 
additional ghost term to ensure {Q, Q} = 0. The BRST charge we finally found is: 

Q = Ca((fa ~ U ab 7T b + C abc X b 7T c + C abc V b C c ) + ^C a C b C abc P c + iV a 7T a (25) 

and the BRST invariant Hamiltonian is 

H' = H + c a U ab P b + \ a U ab Tx b + V a U ab c b . (26) 

The difference between (126(1 and the Hamiltonian in the BFV formalism is in the last two 
terms. 
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The gauge condition we choose according to our previous considerations is 

lf> = ICaXa + PaK, (27) 

where Xa are functions of q and p only. This choice of if) coincides with the basic BFV 
one. 

For the BRST invariant Lagrangian L = qp + Xn + cP + cP — H + {if), Q} we obtain 

U = qp + Ayr + cP + cP - H - PUc + icAc + ti\ ~ Ay? - XCVc + iVV + icCxc. (28) 

Note that first, the variation of L' with respect to V gives eqs. (}23f . so our gauge is correct. 
Second, due to the fact that L' is quadratic with respect to ghost momenta it is easy to 
perform functional integration over them. 

It is convenient for comparision to write down also the corresponding Lagrangian in 
the BFV approach: 

L BFV = qp + Xtt + cP + cP — H — cUP + icAc + n X - X<p - XCcP + iPP . (29) 
The only significant difference between V and L BFV is in the ghost term ic a C a b c XbC c in 
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